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LES
u(x, t) = uF + uS(1)
uF (x, t) =
∫
G(r,x)u(x− r, t) d3r(2)
∫
G(r,x) d3r = 1(3)
Homogeneous filter: G(r): filtering and differentiation commute.
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Box filter
Deardorff (1970): ∆ = (∆1 ∆2 ∆3)1/3.
uF (x, t) =
1
∆1∆2∆3
∫ x1+∆1/2
x1−∆1/2
∫ x2+∆2/2
x2−∆2/2
∫ x3+∆3/2
x3−∆3/2
u(x′, t) dx′1 dx
′
2 dx
′
3(4)
G(r) =
1
∆3
3∏
i=1
H(∆i/2− |ri|)(5)
Note that the average over the box
∫
G(r)uS(x− r, t) d
3
r = 0(6)
cutoff wavenumber kc = pi/∆
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filtered equations
∂uFi
∂xi
= 0(7)
∂uSi
∂xi
= 0(8)
∂uFi
∂t
+
∂(ujui)F
∂xj
= ν
∂2uFi
∂xj∂xj
−
1
ρ00
∂pF
∂xi
(9)
∂(ujui)F
∂xj
=
∂[uFjuFi]
∂xj
+
∂(uSjuSi)F
∂xj
(10)
∂(uSjuSi)F
∂xj
=
∂(ujui)F
∂xj
−
∂[uFjuFi]
∂xj
(11)
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residual stress tensor τSij = (uiuj)F − uFiuFj
residual kinetic energy e = 1
2
[(uiui)F − uFiuFi]
anisotropic residual stress tensor τsij = [(uiuj)F − uFiuFj ]− 13q2Sδij
modified filtered pressure p˜F = pF + 23e
∂uFi
∂t
+ uFj
∂uFi
∂xj
= ν
∂2uFi
∂xj∂xj
−
1
ρ00
∂p˜F
∂xi
−
∂τsij
∂xj
(12)
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TKE
∂e
∂t
+ uFj
∂e
∂xj
= P + B +D − ε(13)
P = −(uSiuSj)F
∂uFi
∂xj
(14)
B =
g
ϑ00
(wSϑs)F(15)
D =
∂
∂xi
[−Km
∂e
∂xi
](16)
ε = C
e3/2
l
(17)
where l = ∆ for unstable conditions, l = ∆f(Rg) for stable cond.
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parameterisation
SFij =
1
2
(
∂uFi
∂xj
+
∂uFj
∂xi
)
(18)
SF = 2 (SFijSFij)
1/2(19)
τsij = −2KSSFij(20)
KS = l
2
SSF = (CS∆)
2SF(21)
P ≡ −τsij SFij = 2KSSFijSFij = KSS
2
F /2(22)
P > 0: kinetic energy flux from resolved to unresolved scales.
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two limits
inertial subrange: ∆ < L. Being lS ∼ ∆, SF ∼ ε1/3∆−2/3 and
KS ∼ ε
1/3∆4/3
Reynolds eqs. limit: ∆ L. Thus uF = u, uS = u′.
τs12 = −KS
duF1
dx2
= −l2S
∣∣∣∣ duF1dx2
∣∣∣∣ duF1dx2(23)
u1u2 = −Km
du1
dx2
= −l2m
∣∣∣∣ du1dx2
∣∣∣∣ du1dx2(24)
in the limit ∆/L→∞ KS = Km and CS = lm/∆
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SBL simulations
from Beare et al. (2006)
initial/boundary conditions as in Cuxart et al. (2006)
the SBL is similar to Nieuwstadt (1984): moderate stability.
isotropic grid: ∆ = 12.5, 6.25, 3.125, 2, 1 m
SBL height h from u′w′(h)/u′w′|0 = 0.05
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potential temperature, wind
top: ∆ = 2 m; bottom: ∆ = 6.25 m
Rb ∼ 0.16÷ 0.23 for 30 < z < 100 m and 100 < z < 150 m fairly consistent with
Nieuwstadt (1984)
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fluxes
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scaled eddy diffusivities
left: ∆ = 2 m; right: ∆ = 6.25 m
observations from Nieuwstadt (1984): Km(z/Λ), constant for large z/Λ.
Km = τ/[( du/ dz)
2 + (dv/ dz)2]1/2 Φkm = Km/(Λτ
1/2)
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fluxes
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CBL simulation
from Sullivan and Patton (2011): CBL simulations at different resolutions:
323 grid points => ∆x = 160m, ∆z = 64m
...
10243 grid points => ∆x = 5m, ∆z = 2m
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models for turbulent flows: LES – p. 15
models for turbulent flows: LES – p. 16
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spectra
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spectra
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skewness
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w field
top left: z/h = 0.04; top right: 0.1; bottom left: 0.5; bottom righ: 0.9
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CBL simulation and dispersion
Antonelli (pers. comm.): numerical code as in Antonelli and Rotunno (2007).
h = 1000m, w∗ = 2m/s, ∆x,y = 32 m, ∆z = 15.5 m, ε = Cε/2
3/2 q3S/∆
hp9 u 1:2:3
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Vertical velocity in the plane x− y at the source height zs = 150 m. Updraught
in red, downdrought in blue. Source centers are located in the crossings of the
grid.
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ε, TKE, TL
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TLxw*/hTLyw*/hTLzw*/h
dissipation rate; TKE resolved, Lagrangian time scales derived as
τLi ≡ 2 < u
′2
i > /(C0ε)
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Lenshow et al. 1980
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Lenshow et al. 1980
horizontal velocity variances, vertical velocity variance, skewness and kurtosis.
Thin continuous lines: parameterisations from Lenschow et al. (1980)
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note the cut-off at wavenumbers of order ∆−1
models for turbulent flows: LES – p. 25
dispersion simulations in CBL
observations from Weil et al. (2002): a laboratory CBL
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lateral dispersion
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N6 meandering: <(<xc>-<<xc>>)2>/h2N6 rel. disp.: <(xc-<xc>)2>/h2
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vertical dispersion
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from Weil et al., 2002
N6 from LES
N6 skewed
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N6 meandering: <(<z>-<z0>)2>/h2
N6 rel. disp.: <(z-<z>)2>/h2
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